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" ABSTRACT

A new and relatively simple equation for the soil moisture content-

pressure head curve, 8(h), is described in this report. The particular

. form of the equation enables one to derive closed-form dhalytical expres-

sions for the relative hydraulic conductivity, L whén substituéed in
the predictive conductivity models of Burdine (1953) or Mualem (1976a).
The resulting expressions for xr(h) contain three independent parameters
which may be obtained by fitting the proposed soil moisture reteption
model to experimental data. Two different methods of curve-fitting are
dzscussed in the regort, a simple but effective graphical method, and a
least-squares method requiring computer assistance. An ex;stzng non-
linear least-squares curve—fzttxng program was modxfzed for this purpose
and is included in an appendxx, together with detalled lnstructlons
regarding its use.

Results oﬁtained with the closéd form analytical expressions based_
on the kualem theory were éompared with observed relative hydraulic
conductivity data for five soils with a wide range in hydraulic prop-
erties. The relative hydraulic conductivity was predicted well in
four out of five cases. It was found that a reasonable description
of the soil moisture retention curve at low moisture contents is

necessary if an accurate prediction of the hydraulic conductivity is to

be made.
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" INTRODUCTION

The use of numerical models for simulating fluid flow and mass
transport in the unsaturated zone haé become increasingly popular the last
few yearg. Recenﬁ literature indeed demonstrates that much effort is put
into ﬁhe development of.such models using both finite difference.(aiesier,
1975; Amerman, 1976) and finite element techﬁiques (Reeves and Duguid, 1975;
Segol, 1976). Unfortunately, it appears that‘the ability to fully charac-
terize the simulated system has not kept pace with the numerical and model-
ing expertise. Probﬁbly the single most important factor limiting the
successful applicétion of unsaturated flow theory to actual field problems
is the lack of information regarding thé parameters entering the governing
transport equations.: Reliable estimates of the unsaturated hydraulic
conductivity are especially difficult to oﬁtain, partly because of its
extensive variability in the field, and partly because measuring this
parameter is time-consuming.and expensive. Several investigators have,
for these reasons, used models for calculating the unsaturated conductivity
from the more easily measured soil moisture retention curve. Very popular
among these models has been the Millington-Quirk method (Millington and
Quirk, 1961), various forms of which have been applied with some success
in a number of studies (cf. Jackson et al., 1965; Jackson, 1972; Green and
Corey, 1971; Bruce, 1972). Unfortunately, this method also has the dis-
advantage of producing tabular results which, for example when applied to
nonhomogeneous soils in multi-dimensional unsaturated flow models, are
quite tedious to use.

Closed-form analytical expressions for predicting the unsaturated

hydraulic conductivity have also been developed. For example, Brooks and




"Corey (1964) and Jeppsun (1974) each used an anélytical expression for
_the conductivity based on the Burdine theofy (Burdine, 1953). Brooks
and Corey (1964, 1966) obtained fairly accurate predictions with their
equations, even though a discontinuity is present in the slope of both
the moisture retention curve and the unsaiu:ated hydraulic conductivity
.cuxve at some negative value of the pressure head (this point is éften
referred to as the bubbling pressure). Such a discontinuity sometimes
prevents rapid convergence in numerical saturated-unsaturated flow prob-
lems. It also appears that predictions based on the Brooks and Corey
equations are somewhat less accurate than those ob;ained with various
forms of the (modified) Millington=Quirk method.

Recently ﬁualem (1976a) derived a new model for predicting the hydrau-
lic conductivity from knowledge of the scil moisture retention curve andvthe
conductivity at saturation. Mualem's derivation leads to a simple inte- |
gral formula for the unsaturated hydraulic conductivity which enables
one to derive closed-form analytical expressions, provided suitable .
equations for the soil moisture retention curves are available. It is
the purpose of this report to derive such closed-form analytical expres-
sions. The theories of both Mualem and Burdine are used for this deriva-
tion. The resulting conductivity models generally contain three indepen-
dent parameters which may be obtained from the soil moisture retention
data by means of curve-fitting. Two different methods of curve-fitting
are discussed in this paper, a simple graphical method which enables one
to obtain the parameters without requiring computer assistance, and a
more elaborate non~-linear least-squaxes curve-fitting method requiring
the assistance of a digital computer. An existing computer model was

modified for this purpose and is included in the appendix. Results




obtained with the closed-form equations based on the Mualem theory are

compared with observed data for a few soils having widely varying hydrau-

lic properties.




" MATHEMATICAL DEVELOPMENT

The following equation was derived by Mualem (1976a) for predict-
ing the relative h?draulic conductivity (Kr)‘f:om'knawledge of the soil

moisture retention curve

' ® 1
» 5 __l_- ._-}—
% ® [[ h(x)dx f hm)“] (1)

where h=h(®) is the pressure head, given here as a function of the dimen-

sionless moisture content:

<D

-8

r

(2)

In this equation, s and r indicate saturated and residual values of the
soil moisture content (6), respectively. To solve (1), an expression
relating the dimensionless moisture content to the pressure head is needed.
An attractive class of ©(h)-functions, adopted in this study, is given by
the following general equation

m

0= 2 ~ (3)
1+ (ah)

where @, n and m are as yet undetermined parameters. To simplify notation

later, h in (3) is assumed to be positive. Equation (3) with m=1 has
been successfully used in many studies to describe soil moisture re-

tention data (Ahuja and Schwartzendruber, 1972: Endelman et al., 1974;




Haverkamp et al., 1977). A typiéal 6 (h)=-curve based on Eq. (2) and

" (3) is shown in Fig. 1. Note that a nearly symmetrical "S"-shaped curve

is obtained, and that the slope (d6/dh) becémes zero when the moisture
e content approaches both its saturated and residual values.

Simple, closed-form expressions for Kr0@) can be deﬁived wheq cer-
tain restiictions are imposed upon the values of m and n allowed in (3).
Solving this equation for h=h(®) and substituting the resulting expres-

sion into (1) gives

, 2
¥ [£(©)
KrGD) =0 [f(l)] »(4)
where £(0) is given by
) or 1/m /"
£@©) = I [-——-—-—-] dx. (5)
o) 1--x:l'/m

Substitution of x=ym into (5) leads to -

@l/m
o I ym-l+l/n Q

0

£0) = =1/n

-y) dy. (6)
Equation (6) represents a particular form of the Incomplete Beta-function

(see for example Abramowitz and Stegun, 1970; p. 944) and, in its most

general case, no closed-form expression can be derived. However, it is

easily shown that for integer values of k=m-1+l/n the integration can
be carried out without difficulties. For the particular case when k=0

(i.e. m=1-1/n) integration of (6) yields

1/m. ™
. £(0) = 1-(1-0""™ (m=1-1/n) (7)
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and, because £(1) = 1, (4) becomes

2 " (m=1l=1/n)

- o [ Cal/ ’“]
xk @ =o' |1-a-e"" | . (o<1 (8)

The relative hydfaulic conductivity may also be expressed in terms of
the pressure head by substituting (3) into (8), i.e.

2
~-m

{1-en™ ! [1+@w™ )
(1+@n) ™) m/2

xr(h) = . (m=1-1/n) (9

From the hydraulic conductivity and the soil moisture retention curve
one may also derive an expression for the soil moisture diffusivity,

which is defined as
dh
D(8)= K(O) lag . (10)

This leads to the following equation for D(®):

m

(1-m)K -m
s_ol/m 1 eY/® 4 (1Y) 2] (11)

D(®) = am® =8 ) (es_er)

where Ks is the hydraulic conductivity at satur#tion. Equations (9) and
(11) are shown graphically in Fig. 2 and 3, respectively, using the

same values of &, n and m(=1-1/n) as in Fig. 1. As can be seen from
Fig. 2, the relative hydraulic conductivity starts out with a slope of
zero at pressure head vﬁlues near zero, but then falls off increasingly
rapid as h decreases. The soil moisture diffusivity, on the other hand,
attains (as does the soil moisture retention curve) a fairly symmetrical

"S"-shaped curve with infinite gradients, d(log D)/d8, when 6 approach-
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es either Br or 95. Note that the diffusivity becomes infinite when 6 ap-

‘proaches es. Only at intermediate values of the moisture content (approxi-

mately between 6=0.25 and 6=0.45 in Fig.t3) does the diffusivity acquire
- the often.assumed exponential dependency on the moisture céntent.
Similar features of the soil moisture diffusivity were obtained and
discussed by Ahuja énd Schwartzendruber (1972), uéing the following

special form of D(B):

a 0P
q
(65-6)

D(6) = (12)
where a, p and g are material characteristic parameters.
The soil hydraulic properties derived above were obtained by assuming
. that k=m-1+l1/n=0 in (6). One may also derive closed-form expressions
for other integer values of k. For k=1, for example, the conduétivity

becomes

2
m=-1 m
x @ =0 [1-ma=9"™  +@D a0 1. (me2-l/m)  (13)

While this particular model is not only more complicated than model (8), .
it also represents only a slight pertubation of the eg:lier function.

Hence, (13) does not present an attractive alternative for (8), and will

not be discussed further.

Similar results as above for the Mualem theory may also be obtained
when the Burdine theory is taken as a point of departure. The equation

given by Burdine (1953) is:

1
. X_(9) = 02 f@ 21 ax J ; ax . (14)
AN 0 h (x) 0 -h (x) )

10




she analysis proceeds in a similar way as before. Equation (3) is invert-

ed to give h=h(®) and substitution of the resulting expression into (14)

yields
K_©) = 8° £0)/£() | (15)
where
J@ xl/m 2/n ‘ _
£(@) = =X __| ax. (16)
0 |15t/ .

Substituting x=ym into (16) gives

. 1/a o
: £0) = m J@ yTL¥2/n (1) 72/D gy, an
o ..

Again it is assumed that the exponent of y in (17) vanishes. Hence

m=1-2/n, and (17) reduces to

m

/myc (18)

£0) = 1 - (1-8"

The relative hydraulic conductivity hence becomes

(m=1-2/n)

2 1/m ™
Rk (@) =0° [1-a-0™) ] (19)
r (0<m<1l; n>2)

or in terms of the pressure head

-m

. n=2 n
_ 1-(ah) (1+(on) "]
K (h) = >0 . (20)

[1+(ah)n]

11




The soil moisture diffusivity for this case is given by

-(m+1) /2 o (@=1)/2

(1-m)K (3-1/m) /2
s ) -(1-e™) 1.

D(@) =

2am(6_-0_)
s ¢ _

' (21)
Preliminary tests indicated that (8) generated results that were, in

most cases, in better agreement with experimental data than (19). Through

an extensive series of comparisons, also Mualem (1976a) conclnded that pre-

dictions based on his theory (i.e., based directly on Eq.'(l) by means of

numerical approximations) were generally more accurate than those based

on various forms of the Burdine theory (including the Millington=-Quirk

method). It is not\the intent of this paper to give accuracy comparisons

between various closed-form analytical conductivify expressions. Oniy a
N brief discussion of the equations derived by Brooks and Corey (1964) will
be given here, since their model of the soil moisture retention curve

represents a limiting case of the moisture retention model discussed in

this study.

Brooks and Corey (1964; .1966) concluded from comparisons with a large
number of experimental data that the soil moisture retention curve &(h)
could be described reasonably well with the following general equation

=A
e = (h/hb) (h<hb) (22)

where hb is the bubbling pressure (approximately equal to the air entry
value), aad A a soil characteristic parameter. Comparing Eq. (22) and
(3), one sees that (3) reduces to (22) for large values of the pres-

sure head, i.e.

12




=mn
@ = (ah) . (23)

For the Mualem theory one has m=l-1/n, and hence A=n-1, while for the
Burdine theory (m-l-Z/h) one finds that A=n-2. The parameter a, further-
more, is inversely related to the bubbling pressure, hb' Brooks and Corey
used the Burdine théory to §rediét the relative hydraulic conductivity and

the s0il moisture diffusivity. They derived the following expressions

3+2/A
x&(@) =0 . (24a)
-2=3X
v'Kr(h) = (ah) . : (24b)
K 241/ .
D(@) = ® . (25)
ar(6 -6)
s r

~ Through substitution of (22) into (1), similar equations can be obtained

when the Mualem theory is used:

5/2+2/A
K (@) =0 (26a)
X
-2-5A/2
Kr(h) = (ah) (26b)
X _ .3/2+1/A
D(®) = — O - (27)
ax(es-er)

Figure 4 compares the different expressions given above with the earlier
obtained relations for the conductivity and the diffusivity [Eq. (3),
(9), and (11)]. The parameters & and n were chosen to be the same as

before (i.e., 0=0.005 and n=2), while A was assumed to be equal to (n-1).

13
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me so0il moisture retention curves for all three cases become then identi-
cal for sufficiently low values of the moisture content; Figure 4a shows
that the Brooks and Corey model of the 6(h)-curve approaches the curve
based on (3) asymptofically when 6 decreases. However, large deviations
between ‘the two models occur then § approaches its saturated value. The
curves based on (25) reach es at a much lower value of h, i.e. at =200 cm
(hphbsl/a). The most important deviations between the predicted conduc-
tivity curves arebalso present at or near the bubbling preséure (Fig. 4b).
As expected, the curves based on Eqg. (9).and (26b) (the solid and dashed
lines, respectively) aéproach each other asymptotically when h becomes
'increasingly negative, while the éurve used by Brooks and Corey (the
dashed~-dotted line)\remains somewhat separated from the other two because
of the different exponent in the conductivity equation‘[see Eq. (24b5 and
(26b)]. The diffusivity curves (Fig. 4c) show their most important
differences at both the intermediate and higher values of the moisture
content. Note that the diffusivity curves based on (22) remain finite
(Ds=50,000 cmz/day) when 6 approaches Gs, while the solid line (Eq. 10)
goes tp infinity at saturation. It should be emphasized that Fig. 4 was
included only to demonstrate typical properties of the various conductiv-
ity and diffusivity models, and that the figure should not be viewed as

an accuracy evaluation of any one model.

15




PARAMETER ESTIMATION

The soil moisture content (6) as a function of the pressure head

(h) is given by Eq. (2) and (3), i.e.,

©® =8)
-3 X . (28)

=08 _ <+
r m

[1+ (an)™]

where, as before, it is understood that h is positive, and where for the

Mualem model
m =1l-1/n. . . (29)

Equation (28) contains four independent paraﬁeters (Gr. 65, a, and n),
which have to be estimated from cbserved soil moisture retention data.

Of these four,.the saturated moisture content (Ss) is probably always
available as it is easily obtained experimentally. Also the residual
moisture content (Gr) may be measured experimentally, for example by de-
termining the moisture content on very dry soil. Unfortunately, Sr-
measurements are not always made routinely, and hence have to be estimated
by extrapolating existing soil moisture retention data. Assuming for the
moment that sufficiently accurate estimates of both Br and es are avail-
able, the following procedure can then be used to obtain astimates of the
remaining parameters & and n.

Differentiation of (28) gives

~am(6 =6)
S -6 (30)

ae r el/m

dh l-m

16
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where the right-hand side is expressed in terms of ®, rather than h. The
pressure head may also be expressed in terms of the moisture content by

inverting (3)' i.e.,

-1/m 1/n

e -1 . o _ (31)

h=
a

Elimination of o from (29) and (31) results in

-m(6 =8_)
h a8 - s I

1/
= — o 10" (32)

The right;hand side ‘of this equation contains only the unknown parameter
m (both 68 and er are assumed to be known). Hence it is possible to ob-
tain estimates of m by determining the product of the slope (d88/dn) and
the pressure head (h) at some point on the 8(h)-curve. Soil moisture re-
tention data are often plotted on a semi-logarithmic scale. One may take

advantage of this fact by noting that

a® £
dog ) (i1n 10) h_dh . (33)

Let S be the absolute value of the slope of © with respect to iog h, i.e.,

@@
S = ‘Eﬁ_o—é—h-)-l (343)

or, equivalently,

1 a | '
= . 34b
S (e_-8)) ‘ d(log h)| (34b)

17




Combining (32), (33), and (34b) leads to the following expression for S

. . 1/m |
S=2.303<2 0 (10 ). (35)

l=m"
The best location on the 8 (h) curve for evaluating the slope S is about
halfway between Br and es. Let P be the point on the s0il moisture re-
tention curve for which O=% (see Fig. 5). From Eq. (2) and (31) it

follows then that the coordinatés of P are given by

GP = (es+er)/2 : (36a)

l-m '
h, = & (2271 (36b)

while Eq. (35) reduces to

m -1l/m
Sp(m) = 1,151 im (1-2 ). (37a)

m
The subscript P in these equations is used to indicate evaluation at P.
Equation (37a) can also be expressed in terms of n

: n/(l=-n)
sp(n) = 1.151 (n-1) (1-2 ). (37b)

Figure 6 gives a plot of SP as a function of both n and m. This figure
may be used to obtain an estimate of n once the slope SP is determined
graphically from the experimental data. For relatively large values of

n, (37b) is closely approximated by

18
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Sp(n) = 0.5769 n - 0.211 (n>4) (37¢c)

from which one obtains»

n=1.733 5, +0.37. (n>4) | , (38)

Alternatively, n can also be obtained from (37b) itself by rearranging the

equation into the following iterative scheme:

n/(1l-n) :
n=14+ 0.869 SP/(l-Z ). A (39)

The iterative solution converges rapidly. Even for a wild initial guess of
n generally only two or three iterations are necessary to obtain answers
correct to within 1%. Once n (or m) is determined, a can be evaluated

with (36b).

An alternative approach for estimating n and a from experimental data
follows by considering the inflection point on the 8 versus log h curve

(the point marked "Q" in Fig. 5). Here one has

2
___d_ﬁ._.z - 0. (40)
d(log h)

Calculation of the inflection point is greatly simplified by noting that

2

2
40 __ . a1 ®2+n . (41)
d(log h) ' dh
* It is easily verified that substitution of (3) into (40) and subsequent

expansion leads to
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0, = [-l-’-:;] . (42)

Hence, the coordinatés of the inflection point are

m
. o |
eQ 9:"'(98-9:) ['1"-»;] . (43a)
1 -
hy = 3 oL, (43b)

From (43a) it follows that, at least theoretically, one could estimate
the value of m directly by locating the inflection point on the soil
moisture retention ;uxve. However, from Fig. 5 it is cleaf that it is not
easy to determine this point accurate;y (e§en less so Qhen the curve is
based on experimental data). It seems, therefore, better to again esti-

mate m from the slope of the curve. Substitution of (42) into (35) gives

- m+1 '
_2.303 [ m ’
so@ = 520 [_1+m] | (44a)
or, in terms of n,
2=1/n
5o = 2.303 n [2—’;—% . (44b)

Figure 6 shows that SP(n) and SQ(n) define approximately the same curve,
especially for the larger n-values. This is not surprising since the
points P and Q are.generally very close together on'the soil moisture re-
tention curve. Fig. 5, furthermore, shows that both points define approxi-

mately the same gradient. Hence the n-values obtained from the sketched
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. siope should be nearly identical.

Instead of using the graphical procedure of Fig. 6, it is also possible

to obtain n as a function of S_ by iteratively solving Eq. (44b) itself.

Q

The folloﬁing converging scheme was used for that purpose:

.
3 1. 1 8 2n-1
n=7z + (n - 5’) A+ ———-—;4(1_2“ A= TR . (45)

As an illustrative example, the foregoing procedure was applied to

the curve shown in Fig. S. Aséuming the indicated slope to be the same

for both points, P and Q, one obtains for SP and sQ (BEq. 34b):

0.622
Sp = So = 0.40) (1.8

= 0.864.

From Fig. 6, or Eq. (39) and (45), it then follows that ny = 2.00 and' n, =
1.96. Hence from (20) one finds m, = 0.50 and mQ = 0,49, From Fig. 5
it follows that log(hP) = 2,54 and log(hQ) = 2,43, Finally, from Eq.

(36b) one obtains

-2.54

= 10 (22_1)0.5

= 0.0050

ard from (43b)
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0.51

= 10724 (0.49)" = 0.0053.

The relative hydraulic conductivities hence are (Eq. 8):

" ' 22
K.© =6 [1-(1-8 ) (based on S.) (46a)
- P :
2
y 2.04 9:497
K.(®) =0 [1-1-8 ) wuwon%n' (46b)

| Equation (46a) exactly reproduces the conductivity equation one would have
obtained if the original data shown in Fig. 5 were used in Eq. (8). ‘Equa-
. tions (46a) and (46b) generate nearly the same curve when plotted versus
or versus h. Minor différences between the curves occur only at the extreme

dry side of the curves, and are caused by the fact that the same slope was

used to calculate both SP and SQ (in reality, SQ should have been measured
somewhat larger ﬁhan SP)°

The paraméters a and n can also be estimated from soil moisture
retention data which are plotted on a normal 8§ versus h scale. The pro-
cedure for finding the two parameters is similar to that used before.

Equation (37) still holds provided, however, that S is calculated with Eq.

(33) and (34). These two equations show that now estimates of both h

and the slope, d6/dh, are necessary for efaluating S. Equations (43)

and (44), on the other hand, have to be modified because the inflection
point of the ©(h)-curve does not coincide with the inflection point of the

8(log h) curve. Contrary to (40), one has now
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88 . o. | o (47)

Expansion of (47) yields the following coordinates of the inflection point
on the 8(h)~-curve (this point is marked "R" on the 8(log h)-curve in Fig.

(5) .

-m .
BR = 6:-0-(63-6:) (1+4m) | ' (48a)
1 l-m |
hR -5 m (48b)
and (35) becomes
=(14m)
SR(m) = 2,303 m(l+m) . (49)
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INFLUENCE OF THE RESIDUAL MOISTURE CONTENT

The foregoing'discussion assumes that independent measurements
of the saturated and residual moisture contents are available. While
68 is usually easy to obtain by direct measurement, Gr ié'often much
more difficult to quantify. In fact, in many cases 6_ may become an
ill-defined parameter. The residual moisture content in this report
is defined as the moisture content for which the gradient (d6/dh) becomes
zero (excluding the region near es which pas also a zero gradient). Also
the hydraulic conductivity will approach zero when 6 approaches er. From
a practical point of view it seems sufficient to define Gr as the moisture
content at some large negative value of the pressure head, e.g., at _10-6
cm. Even in that case, however, significant decreases in h are likely to
result in further desorption of moisture. It seems that such further
changes in 6 are fairly unimportant for most practical field problems.
In fact, they would be inconsistent'with thé general shape of the 6 (h)~-
curve defined by (22), and probably invalidate the concept of a residual
moisture contenﬁ itself. A reascnable estimate of er is necessary for
an accurate prediction of the hydraulic conductivity, even though its in-
fluence on the predictions is generally less than that of ¢ anrd n. The
following example problem demonstrates the effect of er on the cOnduc;ivity
predictions.

Figure 7a shows the soil moisture retention curve of Silt Loam
G.E.3, for values of h between zero and 10-3 cm. (Reisenauver, 1963).
The open circles represent data points of the curve, and were taken from
the catalogue of Mualem (1976b). Because only a limited portion of the

the curve is defined, an accurate estimate of er is not easy to obtain.
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Yhese Qifferent valuas for 8 were chosen rather arbitrarily (0.05, 0.10,

3, 3 .
and 0.15 cm”/cm”, respectively), and subsequently used to calculate the

hydraulic conductivity. The calculations, based on Eq. (36) and (37),
are summarized in Tabie 1. The slope of the 8(log h)=-curve at O=k

was assumed to be the same for all three cases (step 6 in Table 1), a
sufficiently accuraté assuﬁption in this case. Figure 7b compares the

calculated retention curves with the experimental curve. Each of the

Table 1. Calculation of the parameﬁers a and n from the observed soil
moisture retention curve of Silt Loam G.E.3, using three dif-
ferent values for Gr (65-0.396)

 sTER e o> (N
. 1. Estimate er : . 0.050 0.100 0.150
2. Obtain (8.-8,) 0.346 0.296  0.246
3. Calculate GP-(SS+6r)/2. 0.223 ‘0.248 0.273
4. Obtain log(hp) from data (Fig. 7a) 2.76 2.65 2.55
5. Ccalculate hj 575.  447. 355.
6. Estimate a8/d(log h) at 6, 0.244 0.244  0.244
- (Fig. 7a) (=0.44/1.8)
7. Calculate S, [-0.244/(es-er)'] 0.706 0.826  0.994
(Eq. 34b)
8. Obtain n from Fig. 6 or 1.77 1.95 2.21
Eq. (39)
9. Calculate m (=1-1/n) 0.435 0.487  0.548
10. Calculate & (Eg. 36b) 0.0038 0.0040 0.0043

three curves describes the experimental curve fairly accurately, although
curve c (based on 6;) fits the data points somewhat better at the dry

Ay end of the curve than the other two. On the other hand, this curve also
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$lightly overpredicts ithe observed cnye at the higher moisture contents,
i.e. near h=~100 cm. The predicted_conductivity curves are presented in
Fig. 8. Again; all thrge cﬁrves give a reésonable“description of the
;xperimental gsints.J/The.highé: conductivity values are most accurately
described by curve b, while curve c is the most accurate one at the dry
side of the curve. Bowever, it is clear that all three curveé are’
accgptable, and hence that the influence of the residual moisture
content, at least for this particuiar example, is not that significant.
In the above example Gr'was selected beforehand in an arbitrary
way, and still no clear procedure is available for obtaining a reasonable
estimate of Br from\measﬁred data, especially when only part of the 6(h)
curve is given. To alleviate this problem, at least partially, a least~
squares curve-fitting technique was used to estimate the three parameters
Sr, o, and n directly from the observed data. An existing non-linear
least-squareé curve-fitting program (Meeter, 1964) was modified and
adapted for this purpose. The program uses the maximum neighborhood
method of Marquardt (1964), which is based on an optimum interpolation
between the Taylor series method and the method of steepest descent. A
detailed analysi§ of this technique is also given by Daniel and Wood

(1973). A listing of the computer program is given in Appendix A.
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RELATIVE HYDRAULIC CONDUCTIV!TY. Ky

10

10
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-10° -10' -102 -10% -10*
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Fig. 8. Comparison of cbserved (open circles) and calculated curves

(solid lines) of the relative hydraulic conductivity of €ilt

Loar G.E.3. The predicted curves were obtained for three

different values of the residual moisture content, er: 0.05

(curveia), 0.10 (curve b), and 0.15 cm3/cm3 (curve c).
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RESULTS

In this section comparisons are given betw;en obsaryed and calcu~-
- lated conductivity cﬁrves for five soils. The examples were selected for
soils with widely different hydraulic properties. The observe& data for
each examp;e, with the éxception of the last one, were taken from éhe
soils catalogue of Mualem (1976b). Table 2 summarizes some of the soil-

physical properties of the five soils. Estimates of the parameters er.

o, and n are also included in the table, and were obtained by fitting
Eq. (28) to the observed soil moisture retention data.
Results for Hygiene Sandstone (Brooks and Corey, 1964) are shown
in Fig. 9. This soil has a rather narrow pore-size distribution, causing
the soil moisture release curve to become very steep around h=-125 cm.
A relatively high value of 10.4 for n was obt;ineé for this soil, a direct

consequence of the steep curve. The value of a was found to be 0.079

(1/cm), approximately the inverse of the pressure head at which the soil

Table 2. Soil-physical properties of the five example soils.

e 2] K a n
S X S
SOIL NAME enl/end)  (em/emd)  (cm/day) (L/cm) (===
. Hygiene sandstone +250 153 108.0 .0079 10.4
Touchet Silt Loam G.E.3  .469 .190 303.0  .00505 7.9
Silt Loam G.E.3 .39 .131 4.96 .00423 2.06
Guelph Loam (drying) .520 .218 31.6  .0115  2.03
(wetting) (.434) .218 - .0200  2.76
= Beit Netofa Clay .446 .286 .082 .00202 1.59
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moisture retention curve becomes the steepest (Fig. 9). ‘ihis, of course,
follows directly from Eq. (36b) and (43b) which, for values of m close to
one (i.e., for n 1ar?g). reduce to hP- hQ = 1l/a. in that case hP and hQ
both become identical to the bubbling pressure, h , used in the Brooks
and Corey equations (see Eq. 22 and 23). Fig. 9 shows a near;y exact
prediction of the relative hydraulic conductivity, with only #ome Qinor
deviations occurring at the higher conductivity values.

Results obtained for Tbuchet‘Silt Loam G.E.3 (Brooks and Corey,
1964), shown in Fig. 10, are very similar to those for Hygiene Sandstone.
The curves in ﬁhis case are also very steep (n=7.09), and again a good .
deécxiption of the relative hydraulic conductivity is obtained.

Figure 1l presents results obtained for silt loam G.E.3
(Reisenauer, 1963). This example was already discussed in the previous
section, where estimates of a and n were obtained graphically for three
different values of the residual moisture content. It was then found
that ex-values of 0.10 and 0.15 gave the best answers, both for the
description of the soil moisture retention curve and the relative hydraul-
ic conductivity. Interestingly, the three-parametér curve~fitting gave a
value of 0.131, approximately the average of these two Qr-values.
However, it remains clear that the value of er for this particular
example is poorly defined, and that a considerable change in er will have
only minor effects on the calculated curves. Data for this soil were
also used as an illustrative example for the non-linear least-squares
curve-fitting program given in Appendix A. Output of the program (see
Appendix A) shows that the 95% confidence interval for Br is given by
0.131 (+ 16%). By comparison, these intervals are .00423 (+ 5%) and 2.06

(+ 9%) for a and n, respectively. It may be noted here that the computer
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Fig. 10. Observed (open circles) and calculated curves (solid lines) of the soil hydraulic properties
of Touchet Silt Loam G.E.3. The relative hydraulic conductivity was predicted from knowledge

of the curve-fitted soil moisture retention curve.
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proéram also provides for a correlation matrix between the different
parameters. Results, for example, show that er is highly correlated
with n but much less than with a, and that a and n are nearly inde-
pendent of each other. SOme of these effects are also noticeable from
the calculations in Table 1.

The first eh:ee examples each showed excellent agreement between
observed and predicted conductivity curves. Predictions obtained for
Beit Netofa Clay (Rawitz, 1965), however, were found to be much less
accurate (Fig. 12). The higher conductivity values are seriocusly under-
predicted, and also the general shape of the predicted curve is consider-
ably different from the observed cne. It seems that much of the poor
predictions can be eraced back to the inability of equation (28) to match
the observed soil mo;sture retention data. For example, the resiéual
moisture content was estimated to be zero, a rather surprising result
since clay soils have generally higher er-values than coarser soils
(the saturated hydraulic conductivity of this soil is only 0.082 cm/day).
Limited data at the lower moisture contents further increases doubt about
the accuracy of the fitted er-value. A carefullinspection of the observed
curve shows that the gradient of the curve changes fairly suddenly at
approximately h==10,000 cm (the slope suddenly becomes more negative).
The location of the last four data points, in particular, appears to be
inconsistent with the general shape of curves based on (28). With some
imagination one could also identify an inflection point on the observed
curve at a pressﬁze head of about -2,000 cm. The observed curve should
have become flatter from that point on if equation (28) were to describe
the data points.’ Because of the seem;ngly unreasonable low value of

Gr, the break in the slope of the curve at h=-10,000 cm, and the presence
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Fig. 12. Observed (open circles) and calculated curves (solid lines) of the soil hydraulic properties
of Beit Netofa Clay. The relative hydraulic conductivity was predicted from knowledge of the

curve-fitted soil moisture retention curve.




of un 1nf1ectzon point at h--2 000 cm, an attempt was made to improve the
predzctlons by deleting rather arbitrarily the last four data points at
the dry side of the curve. Fig. 13 shows that the soil moisture retention
curve is now much better described (with the cbvious exception of the
last four data points). Also the description of the conductivity curve
is improved somewhet; At least the general shape of the curve is described
more accurately, even though the predicted curve is still displaced to
the right of the observed one. The example shows that by deleting only
four points at the dry end of the curve a completing different value of
er is obtained (0.286 versusAo.O Cma/cm?)." This case demonstrates again
the importance of having scme independent procedure for estimating the
residual moisture centent. |
Results for Guelph Loam (Elrick and Bowman, 196?) are given in
Fig. 14. This example represents a case in wh;ch hysteresxs is present
in the soil moisture retention curve. The observed data of this example
were taken directly from the original study (Figs. 2 and 3 of Elrick and
Bowman, 1964). For the wetting branch a maximm ("satuiated") value of
0.434 for the moisture content was used, being the highest measured value.
Also the wetting branch of the hydraulic conductivity curve was matched
to the highest value of Kr measured during wetting (Fig. 14). The value
of er. furthermore, was assumed to be the same for drying and wetting,
and was o.-ained from the drying branch of the curve. Both the drying
and wetting branches of the soil moisture retention curve are adequately
described by (28). Also the conductivity cutves are reasonably well
described, even though the predicted curves are slightly below the obeerved
ones. Note that some hysteresis is predicted in the relative hydraulic

conductivity. Although this is generally to be expected when two different
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Fig. 13. Observed (open circles) and calculated curves (solid lines) of the soil hydraulic properties
of Beit Netofa Clay. The relative hydraulic conductivity was predicted from knowledge of
the curve-fitted soil moisture retention curve. The last four data points of the observed

soil moisture retention curve were not considered in the fitting process.
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retention cwrves @iw prasent, 4. (8) also shows that different retention

curves may generate the same conductivity curve as long as er and m (and

hence n) remain the same (i.e. @ may be differenﬁ).
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APPENDIX A

SOHYP:
" A COMPUTER MODEL FOR CALCULATING
THE SOIL HYDRAULIC PROPERTIES

FROM SOIL MOISTURE RETENTION DATA.
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This Appendix gives a brief description and listing of SOHYP, a
computer program for calculation of the soil hydraulic properties from
observed soil moisture retention data. The prograﬁ-does this by means
of a non-linear 1east;§quares fit of the following equation to the ob-

served data [see also Eq. (28) in the text]

© -8)
g 5
6 = 6r+ —= (Al)
[1+(ah) ]
where for the Mualem theory,
m=l-1l/n, v (a2)
and for the Burdine theory
m=1-2/n. ‘ (A3)

The most significant variables in the program are defined in Table Al.
Table A2 gives detailed instructions for set-up of the data cards, while
Table A3 shows a list of the input data of example problem 3 (Silt loam
G.E.3), described in the main body of this report. The computer output
for this example is.given in Table A4, while the actual listing of the
program is given in Table AS.

The computer program provides for ;hree options, controlled by the
variable MODE. If MODE equals one, the program optimizes the three para-
meters Qr' o, and ﬁ by means of a least-sqpaxes fit of equations (Al) and
(A2) to the observed data. The soil hydraulic properties are then calcu-

lated in accordance with the Mualem theory. If MODE equals two, the
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program only calculates best-fit values of @ and n, and assumes that er

is known beforehand. The value of Br is now given as an input variable

(see Table A2). Valges of o and n are still calculated by means of

Eq. (Al) and (A2) (i.e. the Mualem theory still applies). If MODE
equals three, the computer model again calcq;ates best-fit values of thé
three parameters (Gr, &, and n), but it is now assumed that the Burdine
theory applies. Hence Eg. (Al) and (A3) are now used in the program. 1In

each case the computer program provides for a table of the hydraulir

properties of the soil (see Table A4), consistent with the value of MODE

selected.
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Table Al.

VARIABLE

ALPHA
B(I)
BI(I)

DIFFUS

MODEL

' NC

NDATA

NIT

NOB

RWC
SATK

SSO, SUMB

lList of the most significant variables in SOHYP.

DEFINITION

Bydraulic conductivitf (K).

Coefficient a in Eq. (Al).

Array containing initial estimates of coefficients.
Array of coefficient names.

Soil moisture diffusivity (D).

Maximum number of iterations{

Designates model type to be used in program:

=]1: Three-parameter fit (ér' &, and n) (Mualem theory)
=2: Two-parameter fit (a, n) (Mualem theory)

=3: Three-parameter fit (6 . a, n) (Burdine theory).

Subroutine to calculate soil moisture content (68) from
pressure head (Eq. Al).
Number of cases considered.

Input data code:
=0: New data are read in

=1: Data from previous case are used.

Tteration number during program execution.

Number of observed data points (must not excegd 40).
Relative hydraulic conductivity (Kr)'

Equals 1-1/n for Mualem theory, 1-2/n for Burdine theory.
Coefficient n in Eq. (Al).

Dimensionless moisture content (0).

Hydraulic conductivity at saturatién (Ks).

Residual sum of squares.
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TABLE A1 (CONTINUED):

VARIABLE DEFINITION

. STOPCR Stop Criterion. Iteration process stops when the

relative change in each coefficient becomes less than

STOPCR.
TITLE(I) Array containing information of title cards.
wC Volumetric moisture content (6).
WCR Residual moisture content (Gr).
wCs Saturated moisture content (Ss).
X(I) ‘ Array of observed pressure heads (vaiues are assumed to

be positive).

. Y (I) Array of observed moisture contents.
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-~ . Table 4z

CARD  COLUMNS  FORMAT  VARIABLE _ COMMENT

1 1-5 15 NC ~ Number of cases considered.

The following cards are repeated
NC times. However, skip cards 6,
etc., if NDATA = 1 on third data

card.
2 1-80 20(A4) TITLE
3 1-5 15 MODE Defines model number (1, 2, or 3).
6-10 15 NP Number of coefficients (2 or 3).
11-15 15 NOB Number of observationms. A
16-20 15 NDATA Data input code.
21-30 F10.0 WCR Residual moisture content. This
. information is only necessary
when MODE = 2,
31-40 F10.0 WCS Saturated moisture content.
41-50 F10.0 SATK Saturated hydraulic conductivity.
. 4 1-10 F10.0 B(1) Initial value of Sr if NP = 3;
Initial value of o 1if NP = 2.
. 11-20 F10.0 B(2) Initial value of a if NP = 3]
i Initial value of n 1f NP = 2,
21-30 F10.0 B(3) Initial value of n if NP = 3.
5 1-6 Abd,A2 BI(1) Coefficient name of B(1l).
11-16 A4 A2 BI(2) Coefficient name of B(2).
21-26 A4, A2 BI(3) Coefficient name of B(3) (only if
NP = 3).
6,etc. 1-10 F10.0 X(1) Value of observed pressure head
(assumed to be positive).

11-20 F10.0 Y(I) Value of observed moisture content.
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1Tuble A3.

Input data for example 3 (Silt Loam G.E.3).
' 1 2 3 4 5
Column: 12345678901234567890123456789012345678901234567890
Card
1l 1
2 SILT LOAM G.E.3
3 1 3 13 0 0.18 0.396 4.96
4 0.180 0.002 2.3
5 WCR ALPHA N

6 10.0 0.396
7 20.0 0.394
8 43.0 0.390
9 60.0 0.3855
10 80.0 0.379
11 111.0 0.370
12 190.0 . 0.340
13 285.0 0.300
14 400.0 0.260
~ 15 600.0 0.220
16 800.0 0.200
17 900.0 0.194
18 1000.0 0.190
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Table A4. Output for example 3 (Silt loam G.E.3).
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bs

PRES SURE

0.0

0.141E
O.168E
0.200E
0.237E
0.282¢
0.335E
0.398E
0,473E
0.562E
0.668E
0.794E
0.9454E
0.112€E
0.133E
0.158E
0.18dE
0.,224E
0.260E
0.316E
0.376E
0.447E
0.531E
0.631E
0.750E
0.891E
0.106E
0.126:
0.150€
0.178E
0.211E
0.251E
0.299E
0.355¢
0.442E
0.501E
0.596E
0.708E
0.841E
0.,100E

o1
o1
o1
ol
ol
ol
ol
(1]}
ol
01
1)1
o1
02
02
02
02
02

LOG P

0.150
0.225
0.300
0.375
0.450
0.525
0.600
0.675
0.750
0.825
0.900
0.975
1.050
1.125
1.200
1.275
1.350
10425
1.500
1.575
1.650
1.725
1.800
1.875
1.950
2.025
2.100
2.17%
2425\

2.325
2.400
2.415
2.550
2625
2.700
2.775
2.850
2.925
3.000

Wi
0.3960
0.3906U
U. 3960
0,3969
0.3969
0.3960
0.3960
0.3960
0.3960
043959
0.3959
0.3959
0.3958
0.3957
0.,39506
0.3955
0.3953
0.3949
0.3945
0.3939
0.3930
0.3917
0.3899
0.387%
0.3840
0.379%
0.3732
0.3650
Ve3541
0.3421

0.3272".

0.3105
0.2926
0.2743
0.2563
0.239%4
0.2238
0.2100
0.1973
0.1873

REL K
0.100E 01
V.99lE 00
0.98YE CO
0.967€ 00
0.98%€ 00
0.982E 00
0.976E 00
0.974E 0OV
0.968E 00
0.962¢ 00
0.955E 00
0.946E 00
0.935E O
0.922¢ 00
0.907€ 00
0.388E 00
V. 867E 00
0. 841t 00
0.81LE 00
0.775€ 00
0.734€ 00
0.686E 0V
0.631E 00
0.570E Q0
0.502E 00
0.430E 00
0.355€ 00
U.281E 0V
0.212€ a0
0.151€E 00
0.101E QU
0.634E-01L

00’755‘01-

0.210£-01
0.112E-01
0.569E~-02
0.281E-02
0.13%E-02
0.637€E-03
0.296E-03

LOG RK

-0.004 -

-0,005
_00006
-0.007
~-0.008
-0.010
-Je 012
-0.014
'0.01’
-0,020
'0.02‘
-0.029
=0 035
‘00063
-OQOSl
-0,C62
-0.075
-00091

‘o.lll

-0.,134
-0.164%
‘0.200
-0.244
~0e 299
’00367
~0.450
~0e551
-0.675
-0. 822
-0.996
-1.198
~le426
-10678
~1e953
=2+245
-2.551
-2+ 869
~3.196
-3.529

AlS K
0.496E 01
0.492E 01
0.491E 01
0.490E Ol
0.488¢ Ol
0.487E V1
Q.485c -0l
0.483c 0l
0.480c vl
0.477E ol
0.473E 01
0.409E 01
0.464E 01
0.457t Ol
0.45uE 0Ol
0.441E 01
0.430E 0Ol
0.417E 0Ol
0.402€ U1
0.334E 0l
0.364E 0Ol
0.340E 01
0.313E Ol
0.283E 0l
0.249E UL
0.213E 0l
0.176E Ol
0.139c 01l

" 0.105E 01

0.747€E 00
U.500E 00
0.315E 00O
0.186E OUL
0.104E OV
0.553E-01
0.282€E-01
0.139E-01
0.670E~02
0.316E-02
0.147E-02

LOG KA

0.692
0.691
0.690
00089
0.667
0.086
0.604
0.682
0.679
0.67%
g.071
0.600
0.060

04053

0.64%4
0.633
0.620
U604
0.585
0.561
0.5%32
0.496
0.451
0.396
0.329
0e246
0.144
Vo021
-0.127
‘0.3“‘
-0.502
‘00,30
-0.983
-lt251
~1.549
-1l.85%6
-2.174
-24500
~2.833

DIFFUS

0.939E
0.78B1E
0.649¢E
0.539¢
0.448E
0.371E
0.308E
0.2¢55E
0.211¢
0.174E
0. 144E
0.119E
Je9T5E
0.800¢t
Oes054E
0.%32¢
0.432E
0.348¢c
Ve217%E
0.222¢
0.1 76E
0.137c
0. lUoE
0.811E
0.611E
0.453¢E
U.330€
0.2306E
(VPR ¥.1/13
0.115¢
0.783c
U.5%26c
0.349E
0.230E
Ve LHVE
0.973€
0.0629E
0.405E
0.2060E

06
06
ve6
Ub
()

06

(V1.3
(1]
06
06
06
Vo
v5
05

V5

]
05

Lus O

5.973
S5.89%3
S5.812
5.732
5.651

5570 .

5.488
S.407
5,325
5.¢42
5.158
5,074
4.989
4.903
4,815
4,726
4.635
4542
o446
4,341
4.245
4138
4,020
3.9u9
3.786
3.0%0
3.518
3.373
3,221
3.00_1
2.894%
2.721
2943
2.361
2.1706
1.988
1.7198
l.608

le4le6
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L29°¢c~
€EY°E~-
6f7°¢t~
SHYO°E~
1648°2~
9Go°7 -
204°7 -
9922~
Y02~
nef*l-
ona*y -
164°1 -
162°1~-
fFOtT°l~
606°0~
sTL°0-~-
176°0~-
22€°0~
€ET°0~

-290°0

962°0
L3 A
€%9°0.
L£2°0
(|
f22°1

€0-20L2°0

S0-32Z%°0
§0-3659°0

. $0-3€01°0

$0-3191°0
%0-3262°0
¥0=-2%6¢°0
$0-3219°0
$0-3%96°0
£0-3167°0
£€n-39€2°0
€£0-369¢€°0
€0-3216°0
€0-3276°0
20-315%1°0
20e-3122°0
20-3645¢°0
20-36€6°0
20-3¢4€@°0
10-32€t°0
10-2902°0
10=-3€2€°0
10-3%06°0
10-368L°0
00 3¢£21°0
00 3J£61°0
00 210€°0
00 3J1L%*0
00 37€L°0
1n 3611°0
10 INRT°O
10 32682°0
10 30%%°0
10 3189°0
20 3101°0
20 3L91°0

9%¢€°6 T~
166°% 1~
8%9°%1 -
00€E°H» 1~
166°E1~
209°¢€1-
y62°¢1-
s§06°71~
966°21-~
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668°11~
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291°11-~-
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$9%°01-~-
9t1°01~
191°6~

61%°6~

.0L0%6~

ezLfA-
€le* R~
»20°8-
919°L~-
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616°9-
1€9°9~
282°9-
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18€°6~
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LA R A
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$1-3205°0
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€1-3062°0
€1-3265°0
71-3%21°0
Z1-3P22°0
21-3029°0
11-38€1°0
11-360€°0
11-3689°0
01-2961°0
01-3€9€°0
01-3092°0
60-3121°0
6n-318€°0
60-3158°0
80-3061°0
80-342%°0
80-36%6°0
10-3112°0
£0-312%°0
90-3501°0
90-3%€2°0
90-3225°0
S0-3911°0
$0-3662°0
SN-3026°0
%0-3621°0
90-3982°0
%0-3€€9°0
€0-30%1°0
€0-380€°0
€0-3919°0

140°91~
269°S1-
SHE°ST-
S66°Y1~
1%9°%1~
862°%1~
696 °¢1~
109°€1-
262°€1~
€06°21-~
§66°21-
90z°21~
L168°11-~
606°11~
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21801~
€Yot~
y11°01-
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L1Y°6-
890°6~
ozL e~
1e€°8-
€20°8~-
H19°L-
9zZf°L-
8L6°9~
0€9°9-
2RZ°9-
Yc6°G-
9686°6-
0%2°S~
558°Y-
696°Yy~-
902°%-
998 °€~-

91-3016°0
S1-3£02°0
S1-3€5%°0
%1-3101°0
#1-2922°0
$1-3%05°0
€1-3711°0
€1-2162°0
€1-309¢°0
Z1-3621°0
21-3642°0
21-3229°0
T1-36€1°0
11-301€°0
11-3269°0
01-3%61°0
01-29%€°0
01-3692°0
60-3211°0
60-3€8€°0
60-3468°0
89-3161°0
80-352%°0
80-26%6°0
10-3212°0

L0-371%°0 -

90-3601°0
90-35€¢2°0

90-3225°0

G0-3211°0
60-3652°0
60-3916°0
40-3821°0
$0-3202°0
$0-3229°0
€0-39€1°0

$1€E1°0
$1€1°0
S1E1°0
S1EL°0
SIEL*0
S1E1°0
91€ET1°0
91€E1°0
21E1°0
L1€1°0
eleto
61€1°0
02ZET°0
2zeNco
€ZE1°0
92¢1°0
82€1°0
1€€1°0
SELET°0

GEET°O

H%€1°0
0se1°0
16€1°0
99¢1°0
Lierco
06€1°0
co%1°0
%?%1°0
9441°0
21910
$051°0
2561°0
88s1°0
991°0
Qo210
€8L1°0

0s:L®S

$<9°S
05$°S
S1%°S
00%°S
G2€°S
062°S
SL1°S
anteg
§20°S
056°Y
518°%
o08°y
GZLY
059°Y
S16°Y
oesty
L T4 Al
0sE"Y
522°%
o0zZ*y
G21°y
0s0°*%
Sl6°¢
006°¢€
s28°¢
061°¢
sl9°¢
009°¢
L T4 24
05%°¢t
Gle’e
00e °€
g22°¢
0sT1°¢t
Gl0°¢

3106°0
3224°0
IGLE°D
3R62°0
3162°0
3rtzeo
38L1°0
3051°0
3921°0
3o9n1°0
31668°0
3061°0
31€9°0
31€$°0
3L9%°0
Jor€°0
3ote’o
3992°0
3%22°0
3881°0
3861°0
JEET°0
Jziteo
39%6°0
3962°0
3099°0
3295°0
3€L%°0

386€°0

36€€°0
3282°0

31€2°0.

3002°0
3891°0
31Y1°0
3617°0

n
wn




Table AS. Fortran listing of SOHYP.
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KAIN

. ‘t“l”t“.‘t”“”‘.t”tt‘”t‘ttt“‘"“tt‘t't‘#”t“tltt“ttttt‘
- . L d
* NCN-LINEAR LEAST=-SQUARES ANALYSIS OF ) SOHYP =
. SOIL HYDRAULIC PROPERTIES APRIL 1980 *
*® :  J

ttttttttttt‘tt‘tt‘ttQ”tt‘tt"“t“‘m:ttttt‘tttttimtm‘tttt‘t

(2 XaXaNalaRaNaNalolyl

OIMENS IGN x(&OloY(hOl,R(#O),F(#O)'DELZ(40p6)oLSURTl40)vB(3)'BI(6)o
1EC2) P (3)4PHI(3),Q(3),TB(3)4A(3+3),0(3+3),TITLE(20),TH(3)
DATA STOPCR/.0010/,M17/20/

o0

~==== REAC NUMBER OF CASES CONSIDERED ===
READ(5,1000) NC

DC 144 IC=1l,NC

READ(5,10C2) TITLE

WRITE(6,1004) TITLE

(g X2l

ee—== READ INPUT PARAMETERS =——==-=
READ(5,1000) MCDE,NP,NOB,NDATA +WCR 4 WCS,SATK
. WRITE(691005) MCDE NP yNOByWCRyWCS¢SATK

*=w== READ INITIAL ESTIMATES ===
READ(5+10C6) (BLI)oI=1,NP) .

o0 00

~===e REAC COEFFICIENTS NAMES ——===
NB I=2%NP
READ(5,1007) (BI(I),1=1,NBI)

(a N gl

~--~= REAC AND WRITE EXPERIMENTAL DATA
WRITE(6,41008)
IF(NCATA.CT.0) GO TO &
D0 4 I=1,NOB
4 REACI5,10C6) X{1),YLI)
8 D0 10 I=1,NCB
10 WRITE{6,1011) IoX(1)o¥II) -

00 12 I=1,NP
12 TH(1)=8(I) ’
Py 1IFLINP=2)2(NP=3)) 14,156,114
14 WRITE(6,1016)
GO TC 142
16 GA=0,02
CALL MODEL (TH¢FoNOByX,WCS ¢+ MODE NP, WCR)
$5C=qQ.
DO 32 1=1,NCB
R(I)=Y(I)=F(I)
32 S$SC=SSQ+RIII=R(I)
NIT=0Q
~ WRITE(6,1030)
IF(MODE.EQ.2) WRITE(6,1026) NIT,WCR.B(1),8(2),S5Q,MODE
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34

) . MAIN
1F(MODE.NE+2) WRITE(6,1026) NIT,B(1),B(2),B{3),SSQ,MODE

~==== BEGIN OF ITERATION
NIT=aNIT+1

GAsQ0.1%GA

D0 38 J=l,NP ‘

TEMP=TH(J)

TH(J)=1.013TH(J)

QiJ)i=0

CALL MODEL(TH,DELZ(1yJ) ¢NOByXsWCS¢MDDE,NP+WCR)
DO 36 I=1,NCB

" DELZ(I,J)=DELZ(I,J)-F(I}

36

38

40
42
4
50
52

54

56
58
62

64
66

‘e—=—= STEEPEST CESCENT

Q(JI=Q(II+DELZ{L,JI*R(I)
Q(J)=100.*CLJI/THIJ)

TH(J)sTENP

DO 44 I=1.NP

00 42 Js=l,l

SuUNs=Q

00 40 K=1,NQB
SUNMSSUMSDELZ(K,1)%0ELZIKeJ)
D(1:J)=10000.*SUM/(TH(L )8THIJI)
0(Jel)=D(1,J)

ww——= 0 = MOMENT MATRIX ===
E(1)=SQRT{O(1,1))

DO 52 I=1,NP

00 S2 J=1,NP
A(1,J)=D(I,N/C(ELTI®ELIN)

e——== A IS THE SCALED MOMENT MATRIX -———
DO 54 I=1.NP

P(I)=Q(I)/E(])

PHI(I)=P(])

A(l1,1)=8(1,1)¢GA

CALL MATINV(A,NP,P)

e==== P/E 1S THE CORRECTION VECTOR
STEP=1.0

DO S8 1Is=1,NP
TR(I)=P(1)®STEP/E( 1) +THI(I)

DO 62 Is1,NP

IF(TH(I)ISTB(1) 166066462

CONT INUE

SUMB=0,0

CALL MODEL(TBoF ¢NOBy X WCSyMIDE ¢ NP, WCR)
DO 64 I=1,NCB

R(I)=sY(I)~F(1)

SUMB=SUMB+R (1 )*R(I)

SUH"0.0

SUM220.0

SUN3=0.0

DO 68 I=l.NP
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68

72

T4
76

T8

80
82

90
92

94

96

98

100
102

MAIN

SUM1=SUML1 ¢P (] )8PHI(I)

SUM2=SUM2+P(1)sP(])
SUM3aSUM3+PHI(T)sPHI(I)
ANGLE®57.29578*ARCOS { SUM1/SQRT (SUM2#SUM3))

DO 72 I=l.NP )
IF(TH(IISTB(I) ) T49T407
CCNTINUE
1F(SUMB/SSQ-1.0180+80+74
IF{ANGLE=20.0)76+76478
STEP=STEP/2.0

GO TO 56

GA=10.%GA

GO TO S0

w——== PRINT COEFFICIENTS AFTER EACH ITERATION —-—
CONTINUE

DO 82 I=1,NP

TH(I)=TB(I)

IF(MODELEC.2) WRITE(641026) NIT,WCRy TH(1)sTH(2) +SUMB,MODE
IF(MODESNE.2) WRITE(691026) NIT,TH(1)sTH(2)oTH(3),SUMB,NODE
1F(MODE.EC.2) GO TO 90

1F(TH(1).GT.0.,005) GO TO 90

WRITE(6+1028) ~

GO TO 144

DO 92 I=14NP :
1F(ABS(P{I)®STEP/E(I))/ (1. 06=20+ABSITHII))=STOPCR) '92+92,94
CONTINUE :

GO TO 96

$SQ=SUMB

IF(NIT.LE.MIT) GO TO 34

~—==—= END OF ITERATION LOQP ———
CONTINUE
CALL MATINV(DNP,P)

ew—== WRITE CORRELATION MATRIX ==~==—
00 98 I=1,NP.

E(1)=SQRT(D(I 1))

WRITE(641C44) (I,I=1,NP)

DO 102 I=1,NP

DO 100 Js=l,1
ALJ,1)=D(J 1)/ (E(T)*ELJ))
WRITE(6¢1C48) I,(A(Js1)ed=1,1)

w——== CALCULATE 953 CONFIDENCE INTERVAL —===-
I=1./FLOAT(NCB=NP)

SDEV=SQRT(ZsSUMB)

WRITE(6,1052)
TVAR81.960Z‘(2.3779*Z‘(2.7135'1‘(3.18793602.666666‘13‘2)ll
DO 108 I=1,NP

SECOEF= E(I)=SOEV

TVALUE= Th(I)/SECCEF
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108

111

112
113

115
116

118

120

122
124

MAIN

TSECaTVAR®SECOEF

TMCOEaTH(1)=-TSEC -

TPCOE=TH(1)¢TSEC

Ks2s]

JaKk-1 _

WRITE(60+1058) BICJ)eBILK) o TH(I ), SECOEF, TVALUE, TMCOE, TPCOE

=== PREPARE FINAL OQUTPUY ————
LSCRT{1l)=1

DD 116 J=2,N0OB

TEMPsR(J)

K= J=-1

DO 111 L=l,K

LLsLSORTI(L)

IF{TEMP=-RILL)) 112,112,111
CCNTINUE ’

LSCRT(J)=Y

60 T0 116

KK=J

KK=KK=1

LSCRT(KK+1)=LSORTIKK)

IF(KK~L) 115,115,113

LSCRT{(L)=J

CONTINUE

WRITE(6¢1066)

00 118 I=1,NOB

J=LSORTINCB*1-1) )
WRITE(6+1068) !'X(I)'YlI’QF(()OR(I)'J"(JJQY‘J)QF(J)oR(J"

ee-e= WRITE SOIL HYDRAULIC PROPERTIES —w—w—
WRITE(6,1069)

PRESS=1.18850

RN1=0.0

QKLN=1,0

WRITE(69,1072) RN1,WCSRKLNSATK

DD 140 1=1,175

1F(RKLN.LT.{~164)) GO TO 142
PRESS=1.18850*%PRESS.

1E (MODE=-2) 120,122,120

wCR=TH{1)

ALPHA=TH(Z)

RN=TH(3)

GO TO 124

ALPHA=TH(1)

RNsTH(2)

RM=l.~1./RN

1F(MDDELEQ.3) RM=1,-2./RN

RN 1=RM*RN
RWCE1./7(1e+(ALPHASPRESS ) **RN)®*RM
WCE=RCR+{WCS-WCRI*RWC
TERH'1.-RHC‘(ALPHA'PRESS)*‘RNl
!F((TERM.LT.5.5-05).OR.(RHC.LT.O.Obl) TERM s RMeRWC*=(1./RM)
[F(MODEeECe3) RK=RWCH*RWCETERM '
1F(MODENEL3) RK=SCRT(RWC) *TEIM®TERM
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c
c

MAIN

TERH'ALPHA'RNI‘(ﬁCS'UCRl‘RHC‘RHC“(lolﬂﬂl‘(ALPHA‘PRESS"‘(RN'I.’
AK=SATK®RK
DIFFUS=AK/TERNM
PRLN=ALOG10 (PRESS)
AKLN=ALOG10(AK)
RKLN=ALOG1O(RK)
DIFtN=ALOGLO(DIFFUS)
140 WRITE(6,1070) PRESSvPRLNvHCoRKoRKLN'AK'AKLNODIFFUSQDIFLN
142 CONTINUE
144 CONTINUE

~==== END OF PRCBLEM -~
1000 FORMAT(415+5F10.0)
1002 FORMAT(2044)

1004 FORMAT(1H1,10X¢82(1H*}/11Xs1H® ,80Xe1H®/11Xs1H*, 9X ¢ 'NON-LINE AR LEA

1ST SQUARES ANALYSIS'.38X.1H*/11x.IH'.eox'lﬂtlllx'lh‘vZOAG.1HtIILXo
21H* ,80X, 1H8 /11X, 82(1H*))

1005 FORMAT(//11X,°INPUT PARAMETERS '/11X,16(1H=)/ .

211 X%, *MODEL NUHBER-ooo.osooooooooooooco.oooooooooooiooo'013/
311X, "NUMBER CF COEFFICXENTS...........................'.tSI
S11X, 'RESIDUAL MGISTURE CONTENT (FOR MODEL 2)eccccce'oFl0e4/
611X, *SATURATED MOISTURE CONTENT cecossvcccccccscscas ' 9Fl0e4/
711X, *SATURATED HYDRAULIC CONDUCTIVlTYoppooooo.ooooo'oFlOo‘)

1006 FORMAT(4F10.0)

1007 FORMAT(4(A4,A2,4X)) .

1008 FOﬂMAT(IIIlX.'OBSEhVED DATA'.IIlX.13(1H-)Illx.'OBS. NO. ! 94X¢*PRESS
1URE HEAD®,2X, *MCISTURE CONTENT ') '

1011 FORHAT(l!x'IS'5X9F12.214X0F12.4, ’

1016 FORMAT(//5X,10(1rH®),"* ERROR: INCORRECT NUMBER OF COEFFICIENTS')

1026 FORNAT(IS!.!Z.IOX.FS.G.BX.FIO.é.Zx.F10.6.5X.F12.7.4x.14)

1028 FOPMAT(//711Xs*WCR 1S LESS THAN 0,005, USE TWO-PARAMETER MODDEL WITH
1 WCR = 0.0') )

1030 FORMAT(1H1,10X,*ITERATION NO'iax.'HCR'.&X.'ALPHA'.IOX.'N'o13x,'SSO
1% ,8Xy*MODEL®*) -

1044 FORMAT({//11X,*CORRELATION HATRIX'/1lXp18(1H‘)/14Xv10(§x'1205x,’

1048 FDRHAT(I1x.!3.10(2x'F7.4.ZXI)

1052 FORMAT(//11X,*NCN=-LINEAR LEAST -SQUARES ANALYSIS: FINAL RESULTSY/
111X, 48(1H=)/764X,*S5% CONFIDENCE LlHXTS'/llx.'VARIABLE'.Bx.'VALUE'9
27x"SoEoCCEFF."3XQ'T‘VQLUE"6X"LOHER';lOX"UPPER" '

1058 FORNATll3x'h4952'410510o595x,F9.§tSXQF602.4x.F9.4OSXQF9.4)

1066 FORMAT(//710X,8(1H-),'OROERED BY COMPUTER INPUT', 8(1H-), IXs10(1H-
1) » "ORDERED BY RESIDUALS 'y 10( 1H=) /26X, 'MOISTURE CONTENT? 43X, 'RESI~?
1,24X, *MOISTURE CDNTENT'.3X"RESI"/1OX"NO"3Xo'PRESSUR5"5x"OBS'
2,4X'FITTED'y4X,*DUAL "y 9x"N0'13x"PRESSURE'pSXo'UBS'o‘X"FITTED'
3,4Xe'DUALY)

1068 FORNAT(&OXvIZoFIO.Zo1x.3F9.4.8x'IZ-FIO.Z.IX.3F9.6!

1C66 FDRHAT(IHI-IOX.'PRESSURE'.4x.'LOG Pl o6Xe*WCY9TXy 'REL K?¢5X,'L0G RK
1?,6XsYABS K',4X,'L0G KA'.SX.‘D!FFUS'.SX.'LOG 0*)

1070 FORNAT(IOXo510037F8.39F1004'3(51303'F803,)

1072 FORMAT(10X¢E1043+8XsF10.4+E13.398XsE13.3)

sTQoP
END
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10

14

16

18

20

22
24

26
28

30
32

MATINYV

SUBROUTINE MATINV(AWNP,B)

DIMENSION A(3¢3)43(3),INDEX(342}
D0 2 J=l,4
INDEX(Js1l)=0

Is0

MAX8°1.0

DO 10 J=1,NP
IFLINDEX{Je1l)) 1306410
00 10 K=]l,NP
SFOINDEX(Ks1)) 1008410
P=ABSLALJK))
IFI(PLE.AMAX) GO T 1V
IR=yY

1C=K

AMAX=P

CONTINUE

IFLAMAX) 304930014
INDEX{IC,1)=]R
IFIIRLEQ.IC) GO TO 18
DO 16 L=l NP
P=A{IRL)
ACIR,L)=ALIC,L)
ACIC,L)=P

P=B(1IR)

8({IR)=8(1C)

B8LIC)=p

Inle]

INDEX{1,2)=]1C
P=l./A(IC,IC)
A{1C,1C)=]1.0

DO 20 L=]l,NP
A(IC,L)=A(IC,.L)*P
8{I1C)=B({1IC)=P

00 24 K=l NP
IFIK.EQ.IC) GO TQ 24
P=A(K,IC)

A(K9IC)=0.0

D0 22 L=1,NP

A(K L)SALK L )=ALIC,L)*P
B(K)=8(K)}=-8(IC)sP
CONTINUE

G0 TO 4

IC=INDEX(1,2)
IR=INDEX{ ICe 1)

DO 28 K=1,NP

P=A(K¢ IR} .

UKy IR)=A(K,1IC)
A(KoIC)=P

[=1~1

IFLL) 26032,26
RETURN

END
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[2XaXaXaX 3

10
12
20
22
30
32

MODEL

SUBROUTINE MODEL (8¢ FYeNOB ¢ X oNC S¢MODE s NP ¢ NCR)
DIMENSION BU3).FY(40),X(4G)

MODE=1 : MUALEM THEORY wITH THREE COEFFICIENTS
MODE=2 : MUALEM THEORY WITH TwO COEFFICIENTS
MODE=3 : BURDINE THEORY WITH THREE COEFFICIENTS

IF(MODE=~2) 10,20,30

CONT INUE

00 12 J=1,NO8
FY(JI=BL1)+{WCS=8{1))/(1.¢(B(2)*X(J))e=B(3))e=(1l.~1./B(3})
RETURN

CONTINUE

D0 22 J=1,NC8
FY(J)=WCR#(WCS=WCR)I/ (1. ¢(BLLI*X(J))esB(2))*=(1.~1./B(2))
RETURN

CONT INUE

DO 32 J=1,NCB
FY(J)=BI1l)+(WCS=8(1))/11.#(BI2)%x(J))*»B(3))**(1.-2./B(3))
RETURN

ENO
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