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APPENDIX C 
MATHEMATICAL SIMULATION OF UNDERGROUND IN SITU BEHAVIOR 

C.l INTRODUCTION 

The methodology described in the following sections presents anal] i ca 
techniques for simulating underground behavior in salt formations. 
Consideration is given to time-dependent non-linear material behavior 
and incorporation of in situ measurements to predict structural 
responses. The theoretical background and procedures presented by this 
methodology are explained. 

C.2 MATERIAL BEHAVIOR OF HOST ROCKS 

The most significant physical property of halite is that it creeps. 
Its creep behavior is dependent upon the variations of stress and 
temperature with respect to time. The creep phenomenon is also 
affected by the physical properties of the geologic strata adjacent to 
the halite and by discontinuities in the geologic layers. Therefore, 
non-halitic interbeds and clay seams should also be considered when 
modeling and simulating the structural behavior of salt formations. 
The following subsections sumnarize the material behavior of various 
host rocks (ref. C - 1 ) .  

C.2.1 Halitic Materials 

The constitutive equation for halitic materials can be expressed as: 

u .  l+u  . .c 
kij = - T akk bij + 7 aij + 6 . .  1J 

(C.2-1) 

where: cij are the components of the strain tensor; 

u is Poisson's ratio; 
E i s  Young's modulus; 
8 . .  is the Kronecker delta; 

Aij are the components of the stress tensor; and 
1 J  



.c 
t h e  creep s t r a i n  ra te ,  cij, i s  g i ven  by: 

a' .c C i j  
c i j  = l i k l l  I a&, I 

(C.2-2) 

where: a:. a r e  t h e  components o f  t h e  d e v i a t o r i c  s t r e s s  tensor .  
1J 

The magnitude o f  t h e  creep s t r a i n  r a t e  can be expressed i n  terms o f  t h e  

e f f e c t i v e  creep s t r a i n  ra te ,  C. o r  t h e  e f f e c t i v e  s t ress ,  a. Thus, 

where t h e  e f f e c t i v e  s t r a i n  r a t e  i s  de f i ned  as: 

1 /2 
2 .c .c 
3 1J 1 J  

- 
c = ( - c. .  c . .  ) 

(C.2-3) 

(C.2-4) 

which i s  t h e  sum o f  t h e  pr imary  and secondary creep s t r a i n  ra tes ,  namely 

- 
c = L  + i  ( C . 2 - 5 )  P S 

where t h e  pr imary  creep s t r a i n  r a t e  i s  de f i ned  as: 

1 = (A - B cp) is f o r  1 s> i* 
P 

and 
'* 
C P  s S 

t = ( A - B q c ) l  f o r  t S  < i* 
P 

where is can be de f ined by an exponent ia l  law 

-n -Q/Re 1 = D a  e 
S 

3 
a = ( - a' 2 i j  i j  

;*, A and B a r e  p r imary  creep constants;  
D and n a r e  secondary creep constants ;  

e i s  temperature i n  Ke lv in ;  

Q i s  t h e  e f f e c t i v e  a c t i v a t i o n  energy i n  cal /mole;  and 

R i s  t h e  un ive rsa l  gas constant ,  1.987 cal/mole-K. 

- 
a!. ) l l 2  i s  t h e  e f f e c t i v e  s t ress ;  and 

(C.2-6) 

(C. 2-7) 
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C.2.2 Non-halitic Materials 

In the underground facility horizon at the WIPP site, certain portions 
of the rock are non-halitic. The stress-strain relationship for 
non-halitic materials is assumed to follow the Prandtl-Reuss 
constitutive equation: 

l+u . .P a.. + c . .  
ij 'kk *ij + E i j  1J 

i = - -  (C. 2-8) 

The plastic behavior is defined by the two-dimensional Hohr-Coulomb 
criterion: 

= 2eocos0 - (a3 + al)sinB (C.7-9)  a3 - 

and the Orucker-Prager criterion, which is the generalized form of the 
Mohr-Coulomb criterion: 

- 
1 /JZ1 .= c - aJ 

and a1 are th O 3  where: 
tension ; 

two pri ipal st . whi 

0, c and a are the plastic constants; 
eO * 

a 

(C.2-10) 

itive in 

- /J2' is the second deviatoric ;tress invariant; and 
J is the first stress invariant. 1 

The numerical modeling does not include failure criterion for the 
non-halitic materi,als. Anhydrite is assumed to be linearly elastic. 
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C.2.3 Clav Seams 

Thin seams of clay are present between some of the rock layers. These 
clay seams can allow relative slippage and separation of the layers 
across the clay seams. The slippage of the clay seams follows a dry 
friction law: 

(C.2-11) a = lJ lal1 I 12 

where: l~ is the frictional coefficient; direction 1 of the stress is 
normal to the plan of the seam; and direction 2 of the stress 
is in the directiowof motion o r  incipient motion. 
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C.3 FORMULATION OF GOVERNING EQUATIONS 

The underground behavior  o f  s a l t  can be d 

f o l l o w i n g  governing equat ions:  

(1 )  Equat ion o f  e q u i l i b r i u m :  

a . .  + x.=  0 1J .j 1 

t 

where: u i s  t h e  s t ress  tensor ;  and 

i s  t h e  body f o r c e  vec tor .  
i j  

'i 

(2) S t r a i n - r a t e  v e l o c i t y  r e l a t i o n :  

m i n e d  by s o l v i n g  t h e  

(C. 3-1) 

2cij = lj. . + l j  
I,J j.i 

. i s  t h e  s t r a i n  r a t e  tensor;  'i j 

i. 

( . )  represents  t h e  d e r i v a t i v e  o f  ( ) w i t h  respec t  t o  
t ime t. 

where: 

i s  t h e  v e l o c i t y  vector ;  and 
1 

(3) Stress  s t r a i n  r e l a t i o n s :  

h a l i t i c  m a t e r i a l s  

- v .  l + v  f .c 
1 j  E aij + '. Zij = - rJkkAij + - 

.c 
where: L i s  de f i ned  i n  subsect ion C.2.1. 

n o n - h a l i t i c  m a t e r i a l s  

v .  l + v  . .P = _ -  
i j  Ukk bij + E aij + c 'ij 

(C. 3-2) 

(C.3-3) 

(C.3-4) 

c-5 



( 4 )  Boundary condit ions:  

u. = u. 
1 1 

u . . n .  = T 
1J J i 

over S (C.3-5) 
U 

(C.3-6) 
U 

over S 

where: Su i s  t h e  surface on which Gi i s  s p e c i f i e d  as 
Ui and S 
vector  u n .  i s  s p e c i f i e d  as T .  where n .  i s  

t h e  component o f  t h e  outward-pointing u n i t  normal 

vector.  

i s  t h e  surface on which t h e  t r a c t i o n  
U 

i j  J 1 J 

C -6 
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C.4 NORMALIZATION OF GOVERNING EQUATIONS 

In order to determine the creep properties of halite, the governing 
equations in Section C.3 need to be solved before knowing the values of 
the creep constants. This can be achieved by normalizing the governing 
equations to the creep function and solving the normalized equations. 
The creep constants can then be determined by correlating the 
analytical results with in situ- data. 

Consider the creep behavior of halitic material follows a power law: 

-n 
; = F u  (C.4-1) 

where: F is a creeD function. 

The governing equations in Section C.2 can be normalized to F by 
transforming to a normalized time domain in terms of time t* such that: 

dt* = F d t  (C.4-2) 

By substituting equation (C.4-2) into equations (C.3-1) through 
(C.3-6). a system of normalized equations can be formed: 

(1) Equation of equilibrium: 

a.. + x .=  0 
1 J A  1 

( c .4-3) 

c -7 

- 



(2)  S t r a i n - r a t e  v e l o c i t y  r e l a t i o n :  

where: ( -*)  represents  t h e  d e r i v a t i v e  o f  ( ) w i t h  respec t  t o  
t h e  normal ized t ime  t*. 

( 3 )  Stress  s t r a i n  r e l a t i o n s :  

h a l i t i c  m a t e r i a l s  

V 1 +v C C *  = - - ;i* 6.. + - A?. + C ? .  
i j  E kk I J  E I J  1J 

-n 
where: ;; = u 

n o n - h a l i t i c  m a t e r i a l s  

1) 1 +v P 2. + ;?. 1J E kk  I J  1J  1J  
6.. + - ;?. = - - &* 

( 4 )  Boundary cond i t i ons :  

(C.4-5) 

( C  .4-6) 

( C  .4-7) 

u? = U? over  S ( C  -4-8) 
1 1 U 

where: U? i s  computed as U? = U./F 
1 1 1 

Ti U. .n.= 
1J J 

over  S (C.4-9) a 

The above normal ized governing equat ions a r e  s i m i l a r  t o  t h e  govern ing 

equat ions be fo re  normal iza t ion .  except t h a t  t h e  t i m e  d e r i v a t i v e s  i n  t h e  
normal ized equat ions a r e  taken w i t h  respec t  t o  normal ized t ime  t*, and 

t h e  creep f u n c t i o n  F has been e l im ina ted .  S ince t h e  normal ized 

govern ing equat ions have t h e  same form as t h e  governing equat ions 

be fo re  normal iza t ion ,  a convent ional  method such as t h e  f i n i t e  element 

technique can be used t o  so l ve  t h e  normal ized govern ing equat ions f o r  

t h e  a n a l y t i c a l  r e s u l t s  i n  'terms o f  normal ized t i m e  t*, w i t h o u t  knowing 

t h e  creep f u n c t i o n  F. 



A f t e r  o b t a i n i n g  t h e  normal ized a n a l y t i c a l  r e s u l t ,  t h e  creep f u n c t i o n  F 
can be determined f o r  e s t a b l i s h i n g  t h e  r e l a t i o n s h i p  between t h e  r e a l  

and t h e  normal ized t ime domains. From Equat ions (C.2-5) through 

(C.2-7). t h e  f u n c t i o n  F can be expressed as: 

where: 

and 

(C .4-10) 

C , =  0 e A i s  de f i ned  i n  equat ion  (C.2-6); D, Q. R and t3 

a r e  def ined i n  equat ion (C.2-7); and f ( c  c ) represents  
t h e  p o r t i o n  i n s i d e  t h e  parentheses o f  equat ion (C.2-6). which 

i s  eXDreSSed as: 

P' s 

f o r  Z s  2 Z* 
cP 

f (cp.Zs)  = A - B 

(C.4-11) 
'* 

S 
f ( c p , i s )  = A - B 5 c 

. c  P 
f o r  t S  < i* 

From equat ion (C.4-11). i t  can be found t h a t  a t  t ime  t- = 0, c = 0. 
which prov ides  an i n i t i a l  cond i t i on :  

P 

f ( c  , c  ) = A f o r  t = 0 ( C. 4-1 2) 
P S  

When t h e  t ime  t approaches t h e  steady s t a t e  stage t pr imary  creep 
i s  no l onger  a c t i v e .  Therefore:  

S '  

f ( r  .c ) + 0 f o r  t -f t (C .4-13) 
P S  S 

s ince  t h e  pr imary creep decreases e x p o n e n t i a l l y  w i t h  t i m e  ( r e f .  C-1). 
Based on t h e  a u x i l i a r y  cond i t i ons  (C.4-12) and (C.4-13). t h e  f u n c t i o n  f 

can be expressed as an exponent ia l  f unc t i on :  

- z t  
f = A e  (C .4-14) 



By s u b s t i t u t i n g  equat ion  (C.4-14) i n t o  equat ion (C.4-1), f u n c t i o n  F can 

be w r i t t e n  as: 

- z t  F = [A  e + l]C (C.4-15) 

where: t h e  constants  C, A and z can be determined f rom i n  s i t u  data. 

The r e l a t i o n s h i p  between t h e  r e a l  t ime  domain and t h e  normal ized t ime  

domain can then  be ob ta ined by i n t e g r a t i n g  equat ion (C.4-2): 

t* it F d t  (C .4-16) 

S u b s t i t u t i n g  equat ion .(C.4-15) i n t o  equat ion  (C.4-16) and us ing  t h e  

i n i t i a l  c o n d i t i o n  t* = 0. when t = 0, equat ion  (C.4-16)- becomes: 

t* = c [t + A / Z  ( 1  - e - z t ) ~  ( C .4-17) 

A f t e r  de termin ing  t h e  creep constants,  t h e  a n a l y t i c a l  r e s u l t s  can then 

be mapped f rom t h e  normal ized t i m e  domain t o  t h e  r e a l  t ime  domain us ing  

equat ion  (C.4-17). 

h 

c-10 

-. 



C.5 DETERMINATION OF CREEP CONSTANTS 

The computat ional  method can a l s o  be considered as a two-phased process 

which a l lows s t r u c t u r a l  responses t o  be determined f o r  any t i m e  i n  

quest ion.  The f i r s t  phase i s  a t rans fo rma t ion  f rom t h e  r e a l  t o  t h e  

normal ized t i m e  domain by use o f  parametr ic  equat ions con ta in ing  creep 

constants.  The second phase i s  r e l a t i n g  a s t r u c t u r a l  response t o  t h a t  

t h e  normal ized t ime  by per fo rming  a s t r u c t u r a l  ana lys i s .  The. 

fundamental r e l a t i o n s h i p  can be represented g r a p h i c a l l y  as shown on 

F igu re  C-1. The upper curve i n d i c a t e s  t h e  expression r e l a t i n g  t h e  two 

t ime  domains which depends on t h e  creep constants  C. A and z. The 

double v e r t i c a l  axes represent  t h e  r e l a t i o n s h i p  between t h e  normal ized 

t ime  t* and response as i n d i c a t e d  by  t h e  r e s u l t s  o f  t h e  s t r u c t u r a l  

ana lys i s .  

A 

The terms A and z represent  p r imary  creep constants  t h a t  can be viewed 

i n  a number o f  ways. By themselves, ' A '  r e l a t e s  t h e  r a t i o  o f  i n i t i a l  

t o  s teady-state creep ra tes  and ' z '  corresponds t o  t h e  pr imary creep 

decay constant.  A s i m p l i f i e d  r e l a t i o n s h i p  can be used u t i l i z i n g  o n l y  

t h e  r a t i o  o f  A t o  z when t h e  term i n s i d e  t h e  parentheses i n  equat ion 

(C.4-15) approaches u n i t y  i n  t h e  s teady-state per iod .  As  F igure  C-2 

i n d i c a t e s ,  t h e  va lue o f  A /z  ( a l s o  i d e n t i f i e d  as t ) represents  a r e a l  

t ime  o f f s e t  such t h a t  t h e  f o l l o w i n g  equat ion can be used: 
0 

t* = C (t + A/z) (C.5-1) 

A S a l t  Creep Constant Eva lua t i on  computer program (SCCE. Bechte l  

computer program CE 465) was developed f o r  t h e  purpose o f  eva lua t i ng  

t h e  creep constants  f rom i n  s i t u  data. 
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The link between real time and response is completed by relating the 
normalized time to the response determined from the structural 
analysis. In brief, if the creep constants are known, the normalized 
time associated with any real time can be determined from equation 
(C.4-17) and the response corresponding to this time is found from the 
analysis results. Conversely, if in situ data which relates real time 
to response is available, this two-phased process can be worked 
backwards to evaluate the creep constants. 

Because the response in both the in situ measurements and the 
structural analysis must be consistent, the displacements caused by 
creep are related. 

In the analysis, the total response is an accumulation of elastic and 
creep responses, 

(C.5-2) 

where: R is the total response; t 
R is the'creep response; and 
R is the elastic response. 
C 

e 

In as much as the total response at time t* = 0 consists of elastic 
response only, and the elastic response R (t*) is always 
approximately equal to R (0). the following equation can be used in 
lieu of equation (C.5-2): 

e 
t 

R (t*) = R (t*) - R (0) 
C t t 

(C.5-3) 

C-14 



The i n  s i t u  readings represent  t h e  response r e l a t i v e  t o  t h e  t i m e  when 

t h e  ins t rument  was i n s t a l l e d .  I n  o rder  f o r  an a c t u a l  creep response t o  

be determined. t h e  creep response which takes p lace  between t h e  t i m e  

t h e  excavat ion was made and t h e  t ime  when t h e  ins t rument  was i n s t a l l e d  

must be found. T h e o r e t i c a l l y ,  i f  an ins t rument  had been i n s t a l l e d  ve ry  

s h o r t l y  a f t e r  excavat ion,  t h i s  d i f f e r e n c e  between measured and a c t u a l  

creep responses would be n e g l i g i b l e .  I n  r e a l i t y ,  t h e  excavat ion o f  a l l  

m a t e r i a l  c o n t r i b u t i n g  t o  t h e  suppor t  o f  a s p e c i f i c  l o c a t i o n  i n  an 

opening cannot be completed w i t h i n  a few days. As  a r e s u l t ,  t h e  
measured response f rom an ins t rument  i n s t a l l e d  imned ia te l y  a f t e r  

excavat ion  would be a combinat ion o f  i n i t i a l  creep and e l a s t i c  

responses. The term ' ' instrument o f f s e t "  i s  in t roduced t o  i d e n t i f y  t h e  

d i f f e r e n c e  between t h e  a c t u a l  creep response and t h e  measured response 

s t a r t i n g  a t  t ime  tl when nearby excavat ions no longer  i n t r o d u c e  
i n i t i a l  creep and e l a s t i c  responses. This  r e l a t i o n s h i p  i s  shown below: 

where: R i s  t h e  a c t u a l  i n  s i t u  response; I 
H 

I 1  

R i s  t h e  measured response; and 

R (t ) i s  t h e  ins t rument  o f f s e t .  

- 
Determinat ion o f  t h e  cons tan t  C. which represents  t h e  steady s t a t e  

creep ra te ,  requ i res  t h a t  t h e  i n  s i t u  readings a r e  w e l l  i n t o  t h e  s teady 

s t a t e  range. I f  t h i s  i s  t h e  case, t h e  r e l a t i o n s h i p  

d t *  = F d t  (C. 5-5) 

can be used t o  determine t h e  va lue o f  C s ince  C equals F a t  very  l a r g e  

values of t. The exwess ion  f o r  C i s :  

(C.5-6) 



,- 

I f  t and t represent  t h e  t imes a t  which ins t rument  readings a r e  

taken and RI(tm) and Rl(tn) a r e  t h e  a c t u a l  creep responses a t  

these times. then t h e  values o f  t* and t*n can be found by 
r e l a t i n g  these a c t u a l  i n  s i t u  creep responses w i th  t h e  a n a l y t i c a l  creep 

responses. 

m n 

m 

Assuming f o r  t h e  moment t h a t  t h e  t r u e  va lue  o f  ins t rument  o f f s e t  i s  

known, equat ion (C.4-15) can be w r i t t e n  f o r  two time-response 

s i t u a t i o n s  t o  produce two simultaneous equat ions which c o n t a i n  o n l y  t h e  

two remaining creep constants ,  A and z. By c a n c e l l i n g  o u t  t h e  A term, 

t h e  s o l u t i o n  of t h e  f o l l o w i n g  equat ion  prov ides  t h e  va lue  o f  z. 

t * n / C  - tn 

-ztm t*,/C - tm = o  - 1 - ,-ztn 

1 - e  
( C .  5-7) 

Once t h e  va lue  o f  z i s  found t o  s a t i s f y  t h e  expression, A can be found 

f rom t h e  f o l l o w i n g  equat ion:  

- z t  
A = z (t,*/C - tm) / (1 - e ) (C.5-8) 

Graph ica l l y  t h i s  method determines constants  which f o r c e  t h e  a n a l y t i c a l  

curve t o  match t h e  i n  s i t u  da ta  a t  t h e  two time-response s i t u a t i o n s  
used i n  c a l c u l a t i n g  t h e  constants.  Each d i f f e r e n t  s e t  o f  da ta  p o i n t s  

y i e l d s  d i f f e r e n t  values o f  A and 2 .  F igu re  C-3 compares a n a l y t i c a l  and 

i n  s i t u  responses f o r  a few d i f f e r e n t  se ts  o f  da ta  p o i n t s .  Whereas 

creep behav io r  i s  h i s t o r y  dependent, matching t h e  l a s t  a v a i l a b l e  da ta  

p o i n t  i s  advantageous i n  p r e d i c t i n g  f u t u r e  responses. The 

de te rm ina t ion  o f  bes t  values o f  A and z i s  done by m in im iz ing  t h e  area 

between i n  s i t u  and a n a l y t i c  response h i s t o r i e s .  The l e a s t  area y i e l d s  

t h e  bes t  values. The SCCE program can be s e t  up t o  search f o r  t h i s  

op t ima l  cond i t i on .  

C-16 

- 
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COMPARISON OF ANALYTICAL RESULTS AND IN-SITU RESPONSES FOR VARIOUS DATA POINT SETS 

11 1) c ,  A, Z ARE "TRUE" VALUES 

-1 
I 

2 )  INSTRUMENT OFFSET = 0,O 



The p o i n t  which must be k e p t  i n  pe rspec t i ve  i s  t h a t  t h e  de te rm ina t ion  

o f  t h e  constants  A and z a r e  dependent on bo th  t h e  ins t rument  o f f s e t  

and t h e  s teady-state creep cons tan t  C. The e f f e c t s  o f  u n c e r t a i n t y  i n  C 

can be minimized by  assur ing  t h a t  no extraneous da ta  a r e  used i n  t h e  

s o l u t i o n  o f  equat ion  (C.5-6). The a p p r o p r i a t e  va lue o f  t h e  ins t rument  

o f f s e t  can o n l y  be found f rom min im iz ing  t h e  response d e v i a t i o n  as was 

descr ibed i n  t h e  prev ious  paragraph. F igu re  C-4 shows how a n a l y t i c a l  

and i n  s i t u  responses compare f o r  a few d i f f e r e n t  values o f  t h e  

ins t rument  o f f s e t .  The curves i n  F igures  C-3 and C-4 were generated 
through use o f  t h e  SCCE program. 

The SCCE computer program prov ides  an e f f e c t i v e  means o f  de termin ing  

s a l t  creep p r o p e r t i e s  by be ing  a b l e  t o  process t h e  l a r g e  volume o f  i n  

s i t u  da ta  and a n a l y t i c a l  r e s u l t s  f o r  des ign v a l i d a t i o n .  

C.6 PREDICTION OF STRUCTURAL BEHAVIOR 

A f t e r  t h e  creep constants  C, A and z a r e  determined, t h e  s t r u c t u r a l  

response h i s t o r y  can then be mapped f rom t h e  normal ized t ime  domain 

i n t o  t h e  r e a l  t i m e  domain us ing  equat ion  (C.4-15). U t i l i z i n g  t h e  i n  

s i t u  creep constants,  a d d i t i o n a l  mathematical  models can a l s o  be used 

t o  p r e d i c t  t h e  f u t u r e  s t r u c t u r a l  responses f o r  var ious  f a c i l i t i e s .  - 
C.7 CONCLUSIONS 

By no rma l i z ing  t h e  t ime  i n  t h e  govern ing equat ions t o  t h e  creep 

func t i on .  t h e  s t r u c t u r a l  responses can be computed as f u n c t i o n s  o f  

normal ized t ime. Th is  computat ion i s  performed w i t h o u t  knowing t h e  
creep constants.  A f t e r  c o r r e l a t i n g  t h e  response h i s t o r y  obta ined f rom 

t h e  a n a l y s i s  t o  t h e  corresponding one measured f rom t h e  s i t e ,  t h e  creep 

constants  can be determined. Consequently, t h e  r e l a t i o n s h i p  between 

t h e  normal ized and r e a l  t ime  can be es tab l i shed,  and t h e  a n a l y t i c a l  

responses can be mapped f rom t h e  normal ized t ime  domain t o  t h e  r e a l  

t ime  domain. P red ic ted  r e s u l t s  can t h e r e f o r e  be prov ided f o r  
v a l i d a t i n g  t h e  adequacy o f  t h e  underground behav io r  i n  t h e  s a l t  
fo rmat  i on. 
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FIGURE C.4 

COMPARISON OF ANALYTICAL RESULTS AND IN-SITU RESPONSE 

FOR VARIOUS INSTRUMENT OFFSET VALUES 
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